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Co bao nhieu dieu bi an ma ban chua biet den ?! Cau tra ldi la rat rat nhieu va doi khi ban 
cam thay buc boi, kho chin khi khong the tim ra mot ldi giai thich thoa dang cho bi an 
Mo do. Nhirng ban hay quan niem rang dang sau bat ki mot dieu gi luon ham chua mot y 
n^iTa nhat dinh. Va cQng khong phai ngau nhien ma sir K giai lai dugc hinh thanh. Trong 
the gioi bat dang thuc cung vay. Doi khi ban khong the hieu dugc tai sao ngucri ta lai co 
the tim ra mot ldi giai trong co ve “ki cue” nhu the !!! Phai chang la lan mo va may rui 
ldm mdi tim ra dugc ? 

Cau tra ldi lai mot ldn nua dugc nhdc lai; moi ldi giai deu co su giai thich cua rieng ban 
than no. Viec tim ra ldi giai do phai di qua mot qua trinh lap luan, thu, sai va dung. Trong 
chuyen de nho nho nay chung toi muon gidi thieu den cac ban mot ki thuat co ban nhung 
khong kem phan hieu qua trong viec chung min h mot so dang cua bat dang thuc. No 
khong giup ta giai quyet tat ca cac bai toan ma chi giup ta tim ra nhung ldi giai ngan ggn 
va an tugng trong mot ldp bai toan nao do. Mot so bai toan tuy de doi vod phuong phap 
nay nhung lai la kho doi vdi ky thuat kia. Day cung la dieu hien nhien va de hieu 
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Phan 1. Bai toan nw dan 

Bai toan . [Nguyen Thuc Vu Hoang] 

Cho a,b,c la cac so thuc duong thoa man a+b + c = 3. Chung minh rang 

1 1 1 2 (a 2 + b 2 +c 2 ) c 

~^ + — + — + — -->5 

^ a b c 3 

Chung minh. Ta sir dung bat dang thuc sau day 

1 2a 2 7 _ 2a 

Z + 1T“ 3~Y 

That vay bat dang thuc tren tuong duong vdi 

(a - 1) 2 (2a 2 + 6a + 3) ^ Q 
3a 2 

Hien nhien dung vbi a la so thuc duong. 

Su dung cac bat ding thuc tuong tu vdi b va c. Ta co dieu phai chung minh. 

Bang thuc xay rakhi a = b = c-\. 

Chac chan ngay khi doc lcri giai cho bai toan “ don gian” nay ban co phin lung tung va 
khong hieu tai sao lai co the tim ra bat dang thuc phu mot each “kho hieu” nhu vay. Phai 
chang la du doan mot each “vo hudng”. Hoac cung co ngucri se nghi bai toan tren duoc 
tao ra tu chinh bat dang thuc phu do. Cau tra lcri la hoan toan khong phai Tat ca deu di 
theo 1 qui hat cua no. Cl cac phin hep theo chung toi se phan tlch ve mot ky thuat phan 
tich giup tim ra cac bat dang thuc phu va mb rang van de nay theo chieu hubng kha mbi 
me. Ky thuat nay co ten la U.C.T, la viet tat cua 3 chu cai dau cua cum tu tieng Anh 
Undefined Coefficient Technique. Hay con goi la Ky Thuat He so bat dinh. Bay la mot ky 
thuat ca ban va la nen tang quan trong tren con duong tim kiem lcri giai cho nhung bat 
dang thuc kho. 

Phan 2. Khoi dau cung mot so bai toan co ban 

Chung ta se khbi dau ky thuat nay bang viec dua ra each giai thich cho viec tim ra bat 
dang thuc phu tren va no cung c hin h la each giai thich cho cac bai toan sau nay cua 
chung ta. 

Bai toan tren cac bien trong ca 2 ve va dieu kien deu khong rang buoc nhau dieu nay 
khien ta nghi ngay se tach theo tung bien de chung min h duoc don gian hon neu co the. 
Nhung ro rang ta chi tung do thoi la khong du. Neuta chung min h bat dang thuc sau 
1 | 2a 2 ^5 _ (a-l)(a + l)(2u 2 -3) ^ 0 
a 2 3 3 3a 2 

Ro rang khong hoan toan dung vbi a thuc duong. 

Bung bo cuoc tai day bbi vi b each tren ta chua su dung dieu kien a+b + c = 3 . 

Nhu vay ta se khong di theo duong loi suy nghi don gian ban dau nua ma se di tim he so 
de bat dang thuc sau la dung 

1 2« 2 . 5 

— +- >- + ma + n ( 1 ) 

a" 3 3 

Trong do m va n la cac he so chua xac dinh. 

Tuong tu voi bien b va c. Cong ve theo ve ta co 
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1 1 1 2a + 2b + 2c 5 . , . _ 5 

— r H—- + — H-> — + m(a + b + c) + 3n = — + 3(m + n) 

a b c 3 3 3 

Nhu vay a day 2 he so m va n phai thoa man dieu kien m + n = 0 o n = —m. The vao (1) 
dan den 

+ —— > — + m(a - 1) (2) 

a r 3 3 

Den day ta chi can xac dinh he so duy nhat la m de bat dang thiic (2) la dung. 

Chii y a bai toan nay diem cue tri dat dirge tai a=b = c = 1 nen ta can xac dinh m sao 
cho 

((a + l)(2a 2 -3) 


1 


^^->^ + m(a-V) < ^(a-l)l 


3 a 2 


- m > 0 


T „. - . , (a + l)(2a 2 -3) 2 , , i 2 

Khi cho a = 1 thi ta co -r-= — tu do ta dir doan rang m = — de tao 

3a 2 3 ‘ 3 

thanh dai hrgng binh phuong (a-1) 2 trong bieu thiic. Tir do ta se chung minh bat ddng 
thuc phu 


1 2a 2 7 _ 2a 

Z + 1T _ 3 _ T 


Qua trinh di tim bat dang thiic phu da dirge phan tich cu the d tren. Tuy nhien do khong 
phai la each duy nhat de ta tim ra he so. Ta cung co the sir dung tinh chat cua dirdng tiep 
tuyen tai mot diem cua do thi hay sir dung dao ham. Nhvrng co le each dir doan tren la 
hiru hieu va don gian ve mat true quan ciing nhu thuc hien. Tuy nhien tat ca cung chi la 
su du doan. No khong dam bao rang sau khi tim ra bat dang thirc phu roi thi bai toan se 
dugc giai quyet. Mot so dang toan nhu vay se dugc de cap trong cac phdn tiep theo cua 
chuyen de nay. O phdn 1 nay chung ta se chiing minh mot so bat dang thuc co ban de 
hin h thanh trong dau ky thuat qua do thanh thuc trong viec phan tich. Ta tiep tuc den voi 
bai toan sau 


Bai toan 1 . [Vasile Cirtoaje] 

Cho a,b,c,d la cac so thuc duong thoa man a+b + c+d = 4. Chiing minh rang 
1111 


- > 2 


a~+l r b +1 c +1 d +1 
Chung minh. Ta se xac dinh he so m de bat ddng thiic sau la dung 


— > 1 + m{a - 1) <=> + ^ > m(a - 1) « (a 

a +1 a +1 


- 4 -^- 

\ a +1 


Khi a = l 
vay 


t se co - a . + ^ = -1 => m = -1. Ta du doan bat dang thiic sau dimg va that 
a +1 


a“+l a +1 


Tuong tir voi cac bien con lai Cong ve theo ve ta co dieu phai chiing min h. 
Dang thiic xay rakhivachikhi a=b = c = d = 1. 

Nhan xet. 

Ta co the sir dung ky thuat “Cosi ngugc dau” de tim ra bat dang thiic phu tren 
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a +1 2 a 2 


Bai toan 2 . [Algebraic Inequalities Old and New Method] 

Cho a,b,c la cac so thuc duong thoa man a+b + c = 3. Chung minh rang 


a +b+c b +c+a c +a+b 
Chung minh. C5 day ta can tim m de bat dang thuc duoi la dung 

—-— -= —— -< — + m(a -1) <=>-——— < m(a - 1) 

a~ +b + c a -a + 3 3 3(a -a + 3) 


Tuong tvr nhu tren ta tim dir doanrang vdi m = -— thi bat dang thuc phu dung. That vay 


, 1 

a 2 -a + 3 9 9 3(a 2 -a + 3) 3(a 2 -a + 3) 

Nhan xet. Bai toan tren co the giai bang kT thuat ‘Phan tach Chebyshev” nhung xem ra 
each giai bang U.C.T lai don gian hon ve mat y tudng. 


Bai toan tong quat da duoc giai quyet bang dinh li LCF trong “Algebraic Inequalities - 
Old and New method” cua tac gia Yasile Cirtoaje 

Cho a l ,a 2 ,...,a n la cac so thuc khong am thoa man a 1 +a 2 +... + a n =n. Chung minh 
rang 


aj 2 -aj+n a 2 -a 2 +n a n 2 -a n + n 


Bai toan 3 . [Nguyen Thuc Yu Hoang] 

Cho a,b,c,d la cac so thuc khong am thoa a 2 +b 2 +c 2 +d 2 =4. Chung minh rang 


2 (a 3 +b 3 +c 3 +d 3 ) >2 + —= V2 + ab + ac + ad + be + bd + dc 
V2 

Chung minh. Theo bai ra a,b,c,d la cac so thuc duong thoa man 
a 2 +b 2 +c 2 +d 2 =4 

o(a + b + c + d ) 2 = 2(2 + ab + ac + ad + be + bd + cd ) 

<^>{a + b + c + d)~ ^2(2 + ab + ac + ad +bc + bd + cd) 

Bat dang thuc can chung minh tuong duong vdi 

2(a 3 + b 3 + c 3 + r/ 3 ) > 2 H— (a + Z? + c + d ) 

2 

Ta can xac dinh he so m de bat dang thuc sau dung 

„ 3 3a+ 1 , (2a + l) 2 (a -1) , 

2a 3 > — -1- m(a -1) ---> m(a -1) 

9 

De dang du doan m = — . Ta se chung min h dieu do, that vay 

2a 3 > j^i+ 9( ^~ 1) ^»2(a-l) 2 (a + 2)>0 
Dieu nay hien nhien dung. Dang thuc xay rakhivachikhi a = b = c = d = \. 
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Nhan xet. Bai toan nay voi htn h thuc kha “cong kenh” vi chua can thuc. Tuy nhien neu 
nhan ra diem mau chot cua bai toan ta de dang dua ve don krong theo bien de giai quyet. 
Bai toan tren con co the giai quyet theo each khac bang each chung minh true tiep voi 4 
bien. Nhung du sao viec giai quyet theo tung bien rieng biet van de dang hon rat nhieu. 


Bai toan 4 . 

Cho a,b,c la cac so thuc duong thoa man a 3 + b 3 + c 3 = 3. Chung minh rang 

4\- + - + - | + 5(fl 2 +b 2 +c 2 )> 21 
ya b c) 

Chung minh. 

Ta can tim he so m sao cho 


- + 5 a 2 >9 + m(a 3 -1) <w> 


(a -l)(5a 2 + 5a -4) 


> m{a - l)(a 2 + a + 1) 


Ta de dang nhan ra dang thuc xay rakhivachikhi a =b = c = 1. 

Khi cho a = 1 thi ta co the du doan rang m = 2. Ta se chung min h rang voi m = 2 thi bat 
ding thuc phu tren la dung. That vay 


Do a < V3 => -2a 2 + a + 4 > 0. Vay bat dang thuc phu tren la dung. 
Dang thuc xay ra khi va chi khia = b = c = 1. 


Bai toan 5 . 

Cho a l ,a 2 ,...,a n la cac so thuc khong am thoa man = n. Chung min h rang 


V—— < H 

tt3af+5 8 


Chung minh. Ta se tim he so m sao cho 

, 1 


< — + m{a i 


-1) 1 -< m(a t 

8(3a 2 + 5) 


Ta du doan rang voi m = ^ thi bat dang thuc phu tren la dung. That vay: 

.1, (a,-~l) _ 0 ^ (5 + a,.)(a,-l) 2 
3a, 2 + 5 _ 8 32 _ 32(3a 2 +5) 

Dieu nay hien nhien dung. Dang thuc xay ra khi va chi khi cac bien bang nhau va bang 1. 
Nhan xet. Qua cac bai toan tren ta co the thay rang bat dang thuc khong he quan tarn den 
so bien. Ta hoan toan co the tong quat voi n bien ma khong lam anh hudng den each giai 
Day la mot diem thu vi cua U.C.T. 

Mot each tong quat ta dua ra each giai quyet cho lop bai toan co dang sau 
Bai toan tong quat 

Cho cac so thuc khong am a v a 2 ,...,a n thoa man 


Chung minh rang 


h(a l ) + h(a 2 ) + ... + h(a n ) = 0 
/(a 1 ) + /(a 2 ) + ... + /(a„)>0 
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Lap bai toan nay co the dirge giai quyet bang each phan tach de chiing minh theo tung 
bien. Vi cac bieu thuc mang tinh doi xiing voi nhau nen thirhng thi diem cue tri dat dirge 
tai cac bien bang nhau. Ta se phai xac dinh he so m sao cho 
/(a,.)>mx%.) 

Dung voi moi bien thoa man dieu kien dat ra. Voi each giai nay ta se giai quyet dugc mot 
hrgng ldn cac bat dang thuc ma cac bien khong rang buoc lan nhau mot each “mat thiet”. 

Thudng la mot so dang dieu kien nhu ^ of = n . Co the khai quat tu tudng cua ky thuat 

nay trong lop bai toan tren nhu sau: De chung minh bai toan ta se xac dinh he so trong 
cac bat dang thuc phu theo tung bien rieng biet sao cho 

/(«,)> m x h(a t )og(a i ) 2k pity) > 0 

Trong do g(a t ) = (a i — x k ) voi x k la diem cue tri cua bat ding thuc. 

Bai toan se dugc giai quyet neu p(a t )> 0. Trong trudng hgp p(a t )> 0 chi dung trong mot 
mien nghiem nao do thi ta se tien hanh chia trudng hgp de giai quyet bai toaa Tuy nhien 
trong phan 1 nay ta se khong de cap den nhung bai toan nhu vay ma se de cap d phin 
sau. 

Sau khi da tim ra bat ding thuc phu. Voi nhieu cong cu nhu dao ham, khao sat ham so 
hay don gian chi la phan tich nhan tu ta deu co the giai quyet khong qua kho khan. 

Trong phep chung minh cho cac bat ding thuc phu d tren ta bien doi va qui ve viec phan 
tich nhan tu cua da thuc a n x n + a„_ 1 x n ~ 1 + ...a 2 x 2 + a t x + a 0 

Ma muc dich chu dao la qui ve dang tong cac binh phuong. Viec nhan tich da thuc thanh 
nhan tir la mot van de Dai so co ban nen xin khong neu ra d day. 

Qua mot vai vi du nho nho han phin nao cac ban da hieu dugc U.C.T. O cac phin tiep 
theo viec xac dinh he so se dugc trinh bay mot each so luge bdi vi nhung bai toan do 
mang tinh phuc tap nhieu hon ma U.C.T chi don thuan la bude dem de di den ldi giai chu 
khong the dua ta each chung minh true tiep . 

Phan 3. KI thuat chuin hoa va U.C.T 

Bay gib chung ta se bude sang mot khoang khong gian mbi vdi ldp bat dang thuc thuan 
nhat doi xiing ba bien va ki thuat chuan hoa ket hgp vdi U.C.T. 

Da thuc f(a,b,c) doi xiing dinh nghia dubi dang: f(a,b,c) = f l (a / ,b l ,c l ) trong do 
(a' ,b l ,c') la mot hoan vi tuy y cua ( a,b,c ). Hay noi each khac la 
f(a,b,c) = f(b,c,a) = f(c,a,b) 

Tinh thuan nhat cua mot da thuc doi xiing ba bien tren mien D co nghia la 
f(ka,kb,kc) = k n f(a,b,c) vdi moi k,a,b,c e D,n = const chi phu thude vao ham 
f(a,b,c ). Hieu mot each don gian da thuc thuan nhat neu no la tong cua cac don thuc 
dong bac. Do mot so tmh chat cua ham thuan nhat ta co the chuan hoa dieu kien cua bien 
de don gian hoa viec chung min h. Ta co the chuan hoa mot da thuc thuan nhat doi xiing 
ba bien bang each dat a" +b n +c n =k,abc= p,ab + bc + ca = r,... Day la ky thuat rat 
quan trong giup ta don gian hoa va qui bat dang thuc ve chiing minh theo tung bieu Hay 
cung den vdi mot so bat dang thuc thuan nhat doi xiing ba bien de thay cong dung cua 
U.C.T 
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Bai toan 6 . [Bat dang thiic Nesbit] 

Cho a,b,c la cac so thuc khong am Chung minh rang 


a + b + c > 3 
b + c c + a a+b 2 

Chung minh. Khong mat tinh tong quat chuan hoa a+b + c = 3. 
Bai toan qui ve viec chiing min h 


Ta can chiing min h bat dang thiic 


b 

3 -a 3 -b 


3-c 2 


a ^ 1 . 3(a-l) ^ . .. 

-> — + m(a -1) <=>- - > m(a - 1) 

3-a 2 2(3 - a) 


3 

De dang du doan m = — . Ta chiing min h bat dang thiic voi m nhu vay thi luon dung 


3 -a 4 4(3 -a) 

Dieu nay hien nhien dung. 

Sii dung tuong tu voi cac bien con lai. Cong ve theo ve ta co dieu phai chiing minh. 
Dang thiic xay ra khi a = b = c. 

Nhan xet. bat dang thiic Nesbit la mot bat dang thiic dai so ca ban va co nhieu phep 
chiing min h. Loi giai tren la mot lcri giai dep va ngan gon cho bat dang thiic nay. 


Bai toan 7 . [Vo Quoc Ba Cdn] 

Cho a,b,c la cac so thuc khong am Chiing min h rang 

(. b + c-a ) 2 + (a + c-b) 2 + (a + b-c ) 2 > 3 (a 2 +b 2 +c 2 ) 

2 a 2 +(b + c) 2 2 b 2 +(a + c) 2 2 c 2 +(b + a) 2 (a + b + c ) 2 

Chung minh. Chuan hoa a+b+c = 3. Khi do bat dang thiic can chiing min h tuong 
duong voi 


2(3-2q) 2 + 2(3-2&) 2 + 2(3-2c) 2 > a 2 + b 2 +c - 
a 2 -2a+ 3 b 2 -2b + 3 c 2 -2c+ 3 
Ta can xac dinh he so m de bat dang thiic sau la dung 


2(3 -2d ) 2 
a 2 - 2a + 3 


> a 2 +m(a-l) 


Ta lai co 


2(3-2a) 2 


--a~ = - 


(a-l)(a + 3)(a 2 -4a+ 6) 


a - 2a + 3 a - 2a + 3 

Tir day de dang du doan voi m = -6 thi bat dang thiic phu tren la dung. That vay 


2(3-2a) 2 


> a" -6(a-l) « 


(a-l) 2 (6-a)a 
a 2 -2a+ 3 


>0 


a -2a+ 3 
Dieu nay hien nhien dung do a e (0,3)- 

Tuong tu voi cac bien con lai Dang thiic xay ra khi va chi khi a = b = c. 


Bai toan 8 . [De thi Olympic 30-4, khoi 11, lan XII - 2006] 

Cho a,b,c la cac so thuc duong. Chiing minh rang 

a{b + c) b(c + a ) c(a + b) < 6 

(b + c) 2 + a 2 (c + a) 2 + b 2 (a + b) 2 +c 2 5 
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Chung minh. Khong mat tinh tong quat, chuan hoa a + b + c = 3. Ta co bat dang thiic can 
chiing minh tuong du'ong vdi 

q(3 - a) | b(3-b) | c(3-c) ^6 

9 - 6a + 2a 2 9-6b + 2b 2 9-6c + 2c 2 5 

Tirong tu nhu tren ta de dang tim ra bat dang thiic phu sau: 

q(3-a) ^ 21 + 9a _ (a-l) 2 (18a + 9) 

9-6a + 2a 2_ 25 “ 25(9-6a + 2q 2 ) 

Bieu nay hien nhien dung. Bang thiic xay ra khi va chi khi a = b = c. 

Nhan xet. Co the thay rang hai lcri giai cho cac bai toan mb dau phan 2 rat don gian va 
ngan gon. Bay cung co the xem la mot ky thuat chinh thong. Giup ta giai quyet mot so 
bai toan “cung loai” va da rat quen thuoc sau 

Bai toan 9 . [Barij Grinberg, Old and New Inequalities] 

Cho a,b,c la cac so thuc duong. Chiing minh rang 

a b c ^ 9 

- T - T ^ -V —- 

(b + c) (c + a)~ (a + b)~ 4 (a + b + c) 

Chung minh. Khong mat tinh tong quat, gia sir a + b + c = 3. Bai toan can chiing minh 
qui ve dang sau 

a b c 3 

(3-q) 2 (3 -b) 2 (3 -cf ~4 

Be dang dir doan bat dang thiic phu sau 

q ^ 2a —1 _ (a-l) 2 (9-2a)^ n 

« — vv 0 — U 

(3-a) 2 4 4(3-a) 2 

Bieu nay hien nhien dung do qe [0,3). 

Sir dung bat ding thiic nay cho b,c roi cong lai, ta co dpcm. 

Bai toan 10 . [Pham Van Thuan, Mathlinks forum] 

Cho a,b,c la cac so thuc duong. Chiing minh rang 

(fr + c-3a) 2 (q + c-3h) 2 (a + fr-3c) 2 > 1 
2a 1 + {b + c) 2 + lb 2 + {a + c) 2 + 2c 2 +{b + a) 2 ~ 2 
Chung minh. Khong mat tinh tong quat, chuan hoa a+b+c = 3. Ta co bat dang thiic can 
chiing minh tucrng duong vdi 

(3-4q) 2 (3-4h) 2 (3-4c) 2 ^ 1 

2q 2 +(3-q) 2 2b 2 + (3-bf 2c 2 + (3-c) 2 ~2 

Sir dung bat ding thiic phu sau 

(3-4q) 2 ^ 8a -7 _ (q-l) 2 (39-8a) ^ Q 

2a 2 +(3-a) 2 6 6(a 2 -2a + 3) 

Bieu nay hien nhien dung vi 0<a<3=>39-8a>39-24 = 15>0. 

Tuang tu vdi cac bien con lai ta co dieu phai chiing minh. 

Bang thiic xay ra khi va chi khi a = b = c. 

Bai toan 11 : [USAMO 2003] 

Cho a,b,c la cac so thuc duong. Chiing minh rang 

(h + c + 2q) 2 + (q + c + 2h) 2 + (q + h + 2c) 2 
2q 2 +(h + c) 2 2h 2 +(q + c) 2 2c 2 +(h + q) 2 
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Chung minh. Khong mat tinh tong quat, chuan hoa a+b+c = 1. Khi do ta co bat dang 
thuc can chung minh tirong duong vbi 

(q + 1) 2 | (b + 1) 2 | (c + 1) 2 

2q 2 +(l-q) 2 2b 2 +(l-b) 2 2c 2 +(l-c) 2 

Sii dung bat ding thuc phu sau 

(q + 1) 2 ^ 12q + 4 (3q-l) 2 (4q + l) 

2q 2 +(l-q) 2_ 3 “ 2q 2 + (l-q) 2 

Dieu nay hien nhien dung. Dang thuc xay ra khi va chi khi a = b = c. 

Phan 4. U.C.T va ky thuat phan tach cac trubng hop 

O cac phin tren ta da lam quen voi mot so bai toan khi dua ve dang 
/(q,.) > m x h(a t ) <s> g (q f ) 2k p(a t ) > 0 

Thi co ngay dieu phai chung minh. Tuy nhien khong phai bao gib no cung xuat hien 
p(a j ) > 0. Trong trubng hop p(a i )> 0 chi dung vch mot mien nghiem nao do thi viec 
chung min h se phai di qua mot chieu hubng khac, do la xet them trubng hop bien a t 
ngoai mien xac djnh de p(q ; .)> 0. Thubng thi bubc nay phuc tap va doi hoi ngubi lam 
phai co nhung danh gia mang su tinh te nhieu hon. Chung ta se den voi mot so bai toan 
tieu bieu cho ky thuat nay. 


Bai toan 12 . 

Cho a,b,c la cac so thuc duong. Chung minh rang 

q 2 b 2 c 2 ^ 3 

—T- — i- — 0 -V — — 

a +(b + c) b + (a+ c) c +(b + a)~ 5 

Chung minh. Khong mat tinh tong quat chuan hoa a+b + c = 3. Qui bat dang thuc ve 
dang 

q 2 b 2 c 2 > 3 -y 1 a 2 > 3 

q 2 + (3-q) 2 + b 2 +(3-b) 2 + c 2 + (3-c) 2 _ 5 ^ ^2cr-6a +9 ~ 5 
Ta su diing bat ding thuc phu sau 

<T^>12q-7 q 2 >0 

2q 2 -6q + 9 25 

Khong mat tinh tong quat gia su q>£>c=>q>l>c. 

Xet hai trubng hop sau 

+ Trubng hop 1. c > ^ => 8q-21> 8b-21 > 8c-21 > 0 . 

21 

+ Trubng hop 2. max{q,b,c}< — 


Khi do ta co: 

q 2 _ 1 49 l 

HCl la 2 -6q + 9 i + j^3 { J “ 50 > 5 

Do /(q) dong bien tren (0,3] nen dieu nay hien nhien dung. 

Vay bai toan dugc chung minh. Dang thuc xay ra khi va chi khi ba bien bang nhau. 
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Bai toan 13 . [Vasile Cirtoaje - Algebraic Inequalities - Old and New Method] 
Cho a,b,c,d la cac so thuc duong thoa man a+b+c+d = 2, Chiing minh rang 


1 1 1 1 16 
3a 2 +1 3b 2 +1 3c 2 +1 3d 2 +1~ 1 
Chung minh. Ta can xac dinh he so de bat dang thuc sau la dung 
1 4 

—-z -> —+ m(2a-l) 

3 a 2 + l 7 

De dang tim ra bat dang thuc phu sau 

1 ^ 52-48a 3(2a-l) 2 (12a-l) 

3a 2 +1 _ 49 ° 49(3a 2 +1) 

Tuang tu voi cac bien con lai. 

Xet hai trudng hop sau day 
+ Trudng hop 1. 

min {a,b,c, d}>-^12a-l>12b-l>12c-l>12d-l>0 

1 ’ ’ ’ ’ i ^ 


+ Trudng hop 2. 


d< — -- 
12 


, 49 

>1 + 3 d 2 < — = 
48 


1 48 

l + 3d 2 49 


Xet tuoug tu voi cac bien con lai ta tim ra dieu phai chiing min h. 
Dang thuc xay rakhivachikhi a = b = c = d = 


Bai toan 14 . [Vasile Cirtoaje, Algebraic Inequalities - Old and New Method] 
Cho a,b,c la cac so thuc duong thoa man a 2 +b 2 +c 2 > 3. Chiing minh rang 
a 5 -a 2 b 5 -b 2 c 5 -c 2 


r >0 


a 5 +b 2 +c 2 o +a +c c 5 +b 2 +a 2 
Chung minh. Bat dang thuc tren tuang duong vbi 

1 1 1^3 


a +b+c b +a +c c +b+a a~+b +c 
Tir day suy ra ta chi can chiing minh trudng hop a 2 +b 2 +c 2 = 3 la dii 
Ap dung bat dang thiic AM-GM ta co 

2 a 6 2 a 6 5 

—r-<— i=-a 

a +1 2 Vo 2 

Dat a 2 = x,b 2 = y,c 2 = z hie do ta co x+ y + z = 3 va do do ta phai chiing minh 
^ 1 1 1 


*Ut + 3 */-, + 3 *l- z + 3 

x+1 y+1 z +1 

* + 1 , ? + 1 


z + 1 


2x 3 - x +2x + 3 2y 3 -y 2 + 2y + 3 2z 3 -z~ + 2z + 3 

x + 1 




2x — x + 2x + 3 


.y( (x~ 1) 2 (-2 x 2 +3x + 3 ^ q 
l 6(2x 3 - x + 2x + 3) J 
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Khong mat tinh tong quat gia su jc>y>z=>x>l>z. Xet hai truong hop 
+ Trtrcmg hop 1. y + z>l=>x<2khid6tac6 

-2x 2 + 3x + 3 > 0, -2y 2 + 3y + 3 > 0, -2 z + 3z + 3 > 0 
Dan den bai toan hien nhien dung. 

+ Truong hop 2. y + z<l=>Je>2khid6tac6 

(2x 3 -x 2 +2x + 3)-5(x +1) = 2x 3 -x 2 -3x-2 = x 3 


V 2 2 2 2 3 J 2 


x + 1 1 > 

Tu do sw ra —----< — nhu vay ta can chung minh 

2x 3 -x 2 +2x+ 3 5 


z +1 


y+i 


2z 3 -z 2 +2z + 3 2y 3 - y 2 +2y + 3 5 

Dieu nay luon luon dung vi voi k e [0, l] ta co 

<-o4k 3 >(k + l)(2k-l) 


2k 3 -k 2 +2k+3 5 


Neu k< — thi bai toan duoc giai quyet. 


Neu k > — thi ta co 
2 


4 k 3 ~(k + 1)(2 k -1) > 4 k 3 - 2(2 k -1) = 2(2 k 3 -2k+ 1) 
> 2{k 2 -2k + \) = 2{k -1) 2 > 0 


Tir y + z<l=>y,ze[0,l]. 

Vay bai toan duoc giai quyet hoan toan. Dang thuc xay rakhivachikhi a =b — c = 1. 
Nhan xet. Day la mot ket qua “manh hon” cho bai toan 3 trong ki thi IMO 2005 cua tac 
gia Vasile Cirtoaje. Bai toan goc ban dau la voi dieu kien abc > 1. Dieu kien cua bai toan 
tren chat hon vi theo bat dang thuc AM-GM ta co 

a 2 + b 2 + c 2 > 3 3tj(abcf > 3 => abc > 1 

Chung ta hay den voi lod giai cua chinh tac gia bai toan tren, duoc trich tu quyen 
“Algebraic Inequalities, Old and New Method” 

Ta qui ve viec chung min h bai toan sau: 

Cho a,b,c la cac so thuc duong thoa man a 2 +b 2 +c 2 =3. Chung minh rang 


—<-7 "t-r- T ^-^- T — 1 

a 5 + 3 - a 2 b 5 +3-b 2 c 5 +3-c 2 

Khong mat tinh tong quat tagia su a>b>c> 0. Xet hai truong hop sau 
+ Truong hop 1. a < V2 => a,b < V2. Ta su dung cac bat ding thuc phu sau 
1 ^ 3-a 2 1 3-b 2 1 ^ 3 ~ g2 

a 5 + 3-a 2 _ 6 ’ b 5 +3-b 2 ~ 6 ’c 5 +3-c 2_ 6 


Lai co 


1 3-a 2 _(a-I) 2 (a 5 +2a 4 -3a 2 -6a-3) 

a 5 +3-a 2 6 _ 6(a 5 +3-a 2 ) 


Mat khac 


Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


pg. 11 















a 5 + 2a 4 -3a 2 -6a-3 = a 2 ^ a 3 + 2 a 2 -3- — -j 

<a 2 ^2V2+4-3-3V2-|j = -a 2 ^ + V2j<0 

+ Trudng hop 2. a>yf2,a 2 +b 2 +c 2 =3 =>& 2 +c 2 <1 khi dota co 

1 1 1 1 1 1 
a 5 + 3-a 2 b 5 +3-b 2 c 5 +3-c 2 a 5 +3-a 2 3-b 2 3-c 2 

Lai co 

1 1 _ 1 1 1 
a 5 + 3-a 2 2yf2a 2 +3-a 2 ~ (2yf2 -Y)a 2 + 3 (2^2-1)2 + 3 6 

Nhu vay bai toan se dirac giai quyet n£u 

3-b 2 3-c 2 6 

That vay 

1 | 1_5 _ 9(fr 2 +c 2 -l)-5fr 2 c 2 

3-b 2 3-c 2 6 ~ 6(3-b 2 )(3-c 2 ) 

Nhu vay bai toan dugc giai quyet. Dang thuc xay rakhivachikhi a+b+c- 1. 

Leri giai cua tac gia Vasile Cirtoaje ngay t£r dau cung da sii dung U.C.T nhung no lai dua 
ta den each xet trudng hop kha le vi phai so sanh bien voi y/2 . Day la mot bai toan dep 
vdi nhieu md rong thu vi. 


Bai toan 15 . [Vo Quoc Ba Cdn] 

Tim Mng so k tot nhat de bat dang thuc sau dung vdi moi a,b, c >0 

a 3 I b 3 I c 3 < /3 (a + b + c) 

ka 2 +(b + c) 2 + \kb 2 +(c + a) 2 + y kc 2 + (a + b) 2 k + 4 

Chung minh. Cho a = b = \,c = 0 ta dupe k>5. Ta se chung minh rang 5 chinh la gia tri 
can tim, tuc la qui ve chung min h 


a 3 i 

b 3 

1 c ’ 'i 

l(a + b + c ) 

\5a 2 +(b + c) 2 \ 

5 b 2 + (c + a) 2 y 

5 c 2 + (a + b) 2 \ 

3 


Sii dung bat dang thuc Cauchy-Schwarz, ta co 


5 a 2 + (b + c) 2 


<(a + b + c)\ Yj 


c 5a 2 + (b + c) 2 


Ta can chung minh 


c 5a +(b + c) 


1 



Khong mat tinh tong quat ta chuan hoa a+b + c = 1 va a >b >c >0 suy ra a > — > c > 0. 


Bat dang thuc can chung minh tuong duang vdi 

a 2 b 2 c 2 < 1 

6a 2 -2a + l 6b 2 -2b + \ 6c 2 -2c + l _ 3 
Ta phai xet hai trudng hop 

+ Trudng hop 1. c > ^ ta co 
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c 6a" -2a 4 
+ Truong hap 2. c < - ta co 


9-y ;' a =y i2a-i-— =y^ 

±?6a 2 -2a + l “l J “ 6a 2 


-> (3a-l) 2 (8a-l) v 


6a 


6h 2 


6c 2 


-2 = - 


2a-1 


6a -2a + l 


2h-l 


6c 2 


6a 2 -2a + l 6Zr-2h + l 6c 2 -2c + l 6a 2 -2a+l 6h 2 -2h + l 6c 2 -2c + l 
_ a-b-c b-c-a 6c 2 

~ 6a 2 -2a + l 6h 2 -2h + l 6c 2 -2c + l 


2(a-b) (3c-2) 


(6a 2 -2a + l)(6h 2 -2h + l) +C ^6c 2 —2c + l 6a 2 -2a + l 6h 2 -2h + l 
Ta can chiing min h 


6c 


1 


1 


6c 2 -2c + 1 6a 2 -2a + l 6h 2 -2h + l 

Vi c < — nen —--1 V 4Y ncn ta se chiing minh bat dang thiic sau 


6a 2 -2a +1 6h 2 -2h + l 


Neu b< — khi do 
3 


Neu b > —, ap dung bat dang thiic Cauchy-Schwarz, ta chi can chiing minh 


4 > 6(a 2 + b 2 )-2(a+b) + 2 


Dieu nay tuong duong voi 


[2(a + b) + c] (a + b + c) > 3(a 2 + b 2 ) 

Tir gia thiet b > ^ => 3b > a do do 

[2(a + b) + c] (a + b + c) > 2(a + h) 2 = 3(a 2 +b 2 ) + Aab -a 2 +b 2 
> 3(a 2 + h 2 ) + a(3b - a) > 3(a 2 + h 2 ) 

Nhu vay bai toan da duoc chiing minh. Dang thiic xay ra khi va chi khi a=b = c hoac 
a = b,c = 0 va cac hoan vi. Hang so k tot nhat can tim la 5. 


Bai toan 16 . [Nguyen Van Thach] 

Cho cac so duong a,b,c thoa a + <h + c = 3, chiing minh bit ding thiic 
1 1 1 


\la 2 -3a+ 3 y/b 2 -3b + 3 Jc 2 -3c + 3 

Chung minh. Khong mat tinh tong quat, gia sii a>b>c> 0. 

Voi moi x > ——--, ta co 
2 

9 

<X + 1 


<3 


yjx 2 -3jc + 3 

That vay, bat dang thiic tuong duong 
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(jc—1) 2 (jc 2 + jc— 1) > 0 (nubg) 

Tu day, suy ra 

+, Neu c > bit ddng thuc tren, ta co dpcm. 

+, Neu c < ——-, co 2 kha nang xay ra 
++, Neu b < 1, ta co 


+-f)' + 


3 

4 

b 2 -3b + 3 = (b-l) 2 -b + 2>l 


Do do 


c 2 - 3c + 3 = (1 - c) 2 - c + 2 > | 1 - ——-1 - ——- + 2 =- 

2 ) 2 (y/S+lJ 

VT< A + 2^±1 + i< 3 

J3 2 


++, Neu b > 1, suy ra 2 > a > b > 1, xet ham so f(x ) = 


V* 2 -3x + 3 


voi 1 < jc < 2, ta co 


s. 8jc 2 -24jc + 15 n 

/ (JC) =-=-?7T<0 

4(jc 2 -3jc + 3) 5/2 

Suy ra /(jc) la ham lorn, do do theo bat dang thuc Jensen, 

f(a ) + fib) < 2/ f = 2/(0 = 2 

1 2 ) y/t 2 -3t + 3 


Ta phai chung minh 


Hay 

Hay 


2 _1_ < 

yjt 2 —3t + 3 J(3-It) 2 - 3(3-20 + 3 " 

2 1 


= < 3 


Jt 2 -3t + 3 ^4t 2 -6t + 3 " 

36(t-l) 2 (360 -2520 +7490 -12020 +10990 -546t + 117) > 


(0 - 3f + 3) (40 - 6t + 3) 

De dang kiem tra duoc bat dang thuc nay dung, vay ta co dpcm Dang thuc xay ra khi va 
cbikhi a = b = c = \. 

Bai toan 17 . [Mb rang tu Poland 1996] 

Cho a,b,c la cac so thuc thoa man a+b+c = 1. Chung minh rang 
a b c < 9 
a 2 +1 b 2 +1 c 2 +1 _ 10 

Chung minh. Khong mat tinh tong quat gia su a>b>c=>a>^>c. Xet hai truong hop 
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+ Trtrcmg hop 1. c > — ta co 
4 


9 (a b c V^fl8a ^ a \_'sp 

10~\a 2 +l + & 2 +l + c 2 +lJ _ “'t~25~ + 30 _ a 2 +1J _ 

3 

+ Ttradng hop 2. c < — ap dung bat dang thuc AM-GM, ta co 

4 


(3a-l) 2 (4q + 3). 
50(a 2 +1) 


, c 9 i-3 

Khi do neu —-<-<=> -5 - 2v6 <c< — taco ngay dieu phai chung minh. 

c 2 +l 10 4 

Xet trudng hop: -5-2^6 >c khi do ta co 3 +V6 < a => — < -. Tir day suy ra: 

a +1 5 

a b c < a b < 1 1 _ 7 9 

a 2 +1 h 2 + 1 c 2 +l _ a 2 +l b 2 +1 ~ 5 2 _ 10 10 

Vay bat dang thuc dupe chung min h. Dang thuc xay rakhivachikhi a = b = c = 

Nhan xet. Bai toan goc cua de toan nay la voi dieu kien cua trudng hop 1. Tuy nhien bai 
toan van dung vdi moi so thuc, day la mot dieu rat li thu. Co the chung minh bai toan 
tren vdi ky thuat don bien bang ham lot 


Phan 5. Ket hop bat dang thuc Vomicu Schur vdi U.C.T 

Trong phdn nay chung toi se gidi thieu den cac ban viec ket hop U.C.T vdi bat dang thuc 
Vomicu Schur. Co the noi rang khi ta ket hop nhuan nhuyen hai ky thuat tren tM se nhan 
dupe nhung ldi giai kha an tupng va dep mat. Trade het hay cung den vdi dang phat 
bieu, cac dinh li cung nhu ky thuat phan tich ve chinh tac cua bat dang thuc Vomicu 
Schur. 


Bat dang thuc Vomicu Schur: 

Cho a>b>cva A,B,C> 0 khi do bat dang thuc 

A{a -b)(a — c) + B(b -c)(b-a) + C(c -a)(c-b)> 0 
La dung khi va chi khi 
Dinh HI. A>B hoac C>B 
Dinhli2. Axa> Bxb 

Dinh li 3. Bxc>Cxb (Neu a,b,c la ba canh cua mot tam giac) 
Dinh li 4. ~J~A + yfc > \[b 


Khi da nam trong tay cac dinh K ve bat dang thuc Vomicu Schur thi cMc Mn ban se phai 
chu y den each bien doi sao cho qui ve dang chinh tac cua no. O day xin neu ra 2 phep 
bien doi cue ki hieu qua va co cong dung ldn trong nhieu bai toan, giup ban co the dua 
bai toan tu dang tong cac binh phuong ve dang tren. 

Trade het hay bien doi dua bai toan ve hai dang quen thupc sau 
Dang 1. 

A(a -bf + B{b - cf + C(c - a) 2 > 0 


A(2a - b- cf + Bilb - c- af + C(2c - a - bf > 0 
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Tiep tuc thuc hien phep bien doi sau 

A(a - bf + B(b-cf + C(c - a f 

= A(a -b)(a -c + c-b) + B(b - c)(b-a + a-c) + C(c-a)(c-b + b-a ) 

= Z A ( a _ b ^ a _ c ) + Z A ( & _ c X c _ = Z ( A+B ^ a ~ b ^ a - c ) 

Dang 1 la dang phan tich chinh tac cua phu'ong phap S.O.S mot phuong phap da ldy lam 
quen thupc vbi nhieu nguoi Tir phep phan tich tren ta co the thay rang moi lien he giua 
phuong phap S.O.S va bat dang thuc Vomicu Schur la rat mat thiet. Tuy nhien trong bai 
viet nay khong de cap den van de nay ma chung ta se xem xet dang 2 a tren. Yi tinh ung 
dung cua no trong U.C.T la nhieu hon va no cung la mot sir ket hop mang nhieu y ngtua. 
A(2a - b - cf + B(2b -c-af + C(2c -a-bf 
= 2^ A(a - b)(a - c) + A(a - bf + £ A(c - of 

eye eye eye 

= 2£ A(a - b)(a - c) + £ (A + B)(a - bf 

eye eye 

= 2^ A(a - b)(a - c) + (2A + 5 + C)(a - b)(a - c ) 

= 2^ (4A + 5 + C)(a -b)(a- c ) 

Hay mb dau bang mot bai toan trong co ve don gian nhung cung khong qua de de tim ra 
lbi giai neu khong chon dung duong di 


Bai toan 18 . [Vasile Cirtoaje] 

Cho a,b,c la cac so thuc khong am thoa man a + b + c = 3. Chung minh rang 
3(a 4 +b A +c 4 ) + a 2 +b 2 +c 2 + 6 >6 (a 3 +b 3 +c 3 ) 

Chung minh. Theo U.C.T de dang tim ra bat dang thuc phu sau 

3a 4 + a 2 +2 > 3a 3 -4a + 4 <=> (a-l) 2 (3a 2 -2) > 0 
Ta qui bai toan ve chung min h 

|>-l) 2 (3a 2 -2)>0 

That vay 

|>-l) 2 (3a 2 -2)>0 
<=> ^(3a -3) 2 (3a 2 -2) > 0 

^(3a-a-b-cf(3a 2 -2) > 0 
«£(2a-b-c) 2 (3a 2 -2)>0 


<=> X ( 4 « 2 + b 2 + c 2 - 4)(a - b)(a - c) > 0 

Khong mat tinh tong quat gia su a>b>c khi do ta co 

4a 2 +b 2 +c 2 -4> 4 b 2 +a 2 +c 2 -4> 4c 2 +b 2 +a 2 -4 

Lai co 
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Theo dinh li 1 ta co dieu phai chung min h . Dang thuc xay ra khi va chi khi a = b = c = \ 

(4 4 I'j 
hoac (a,b,c) = \ . 

13 3 3 J 


Nhan xet. Bai toan se dirge giai quyet trong trudng hop 3a 2 - 2 > 0 <=> a > 


I 


. Tnrcmg 


hap con lai a < J— ro rang se kho giai quygt vi ve phai cua dieu kien trong trudng hop 2 

kha le, nhieu kha nang se dan den nhung tinh toan ling nhbng khong can thiet. Tuy nhien 
can chu y mot dieu la dang thuc cua bai toan nay xay ra tai hai diem cue tri vi vay khong 
the ap dung moi U.C.T vi dang phat bieu cua ky thuat nay se cho ta duy nhat mot diem 
cue tri can tim Nhu vay viec ket hap giua U.C.T va bat dang thuc Vomicu Schur khong 
don thuan la giai quyet bai toan mot each dep mat ma con hudng ta den viec giai quyet 
trudng hop dang thuc xay ra khi co hai bien bang nhau va khac bien con lai. 


Bai toan 19 . [Nguyen Thuc Vu Hoang] 

Cho a,b,c la cac so thuc duong thoa man a+b+c = 3. Chung minh ring 
2(a 3 +b 3 +c 3 ) + 9 > 5 (a 2 +b 2 +c 2 ) 

Chung minh. Ta can xac dinh he so cho bat ding thuc phu sau: 

2a 3 + 3 > 5a 2 + m(a -1) « (a - l)(2a 2 - 3a - 3) > m(a -1) 

Tir day ta se du doan m = ta co 

2a 3 +3 >5a 2 -4a + 4 (a-l) 2 (2a-l) >0 

Tuong tu vdi cac bien con lai ta co bat dang thuc can chung minh tuong duong vdi 
2 (a 3 + b 3 + c 3 ) + 9 > 5(a 2 +b 2 +c 2 ) 

<=> (a -1) 2 (2a -1) + (b - 1) 2 (2b - 1) + (c -1) 2 (2c -1) > 0 

<=> (2a-b-c) 2 (2a-l) + (2b-c-a) 2 (2b-l) + (2c-a-b) 2 (2c-l) > 0 


6a(a - b)(a — c) + 6 b(b - c)(b - a) + 6c(c - a)(c -b)> 0 
Khong mat tinh tong quat gia svr a>b>c . Khi do theo bat dang thuc Vomicu Schur ta co 
dieu phai chung minh. 


Dang thuc xay ra khi va chi khi a = b = c hoac a = (),b = c - 


— cung cac hoan vi 


Nhan xet. Lai mot bai toan don gian nhung dieu thu vi d bai toan nay la dang thuc dat 
duoc tai 2 diem Neu nhu giai mot each thong thudng bang U.C.T thi khong the giai 
quyet bai toan mot each triet de va mot lin nua bat dang thuc Vomicu Schur lai phat huy 
tac dung cua no. 


Bai toan 20 . [Vasile Cirtoaje, Romania TST 2006] 

Cho a,b,c la cac so thuc duong thoa man a+b+c = 3. Chung min h rang 

1 1 1 ^ 2,2 2 
—r + —r + ^r>a +b +C 
a 2 b 2 c 2 

Chung minh. 

Theo U.C.T de dang tim ra bat dang thuc phu sau 

-V + 4a>a 2 +4 
a" 

Bai toan can chung minh tuong duong vdi 


Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


pg. 17 





y (a-iy(l + 2a-a 2 ) ^ ^ 

it a 2 

Z (2q — b — c) 2 (l + 2q — q“) 

-2-- U 

C y C a" 

« £ ( 4A + 5 + C >(« - fc)(a - c) > 0 


Trong do 


Khong mat tinh tong quat gia sii a > b > c khi do ta co 


A-B = 


1 + 2 b-b l + 2a-a _(a-b)(2ab + a + b) ^ 


b 2 a 2 a 2 b 2 

Tir do suy ra 

4C+A+B>4B+A+C>4A+B+C 
Ap dung bat ding thiic AM-GM ta co 

3 


+ b + c = 3> 3 yjabc <^> 1 > Ijabc => > 3 

y/abc 


Do do 


2 2 , 
f- + — 6 
b c 


(4 1 i 6^1 n ( 111 

— —- I — -t yt + 2 1 1 3 

\a b c a) ya b c J 

>2\-+-+--3\>2\ -4=-3 >2(3-3) = 0 
{a b c ) J 


Theo dinh K 1 ta co dieu phai chiing minh. Dang thiic xay ra khi va chi khi a=b = c = 1. 
Nhan xet. Cl bai toan nay chung ta van co the chia truemg hop de giai quyet. Diroi day la 
lcri giai cua tac gia bai toan Vasile Cirtoaje 
Sau khi da dua bai toan ve dang 

y (q-l) 2 (l + 2a-« 2 ) ^ 0 

it a 2 

Khong mat tinh tong quat gia sii rang a>b>c khi do ap dung dinh li ve dau cua tarn 
thiic bac 2 ta chia nho bai toan thanh hai truemg hop 
+ Truong hop 1. a < 1 + \[2 c<b<a< 1 + \[2 tu do dan den 

l + 2q-q 2 >0,l + 2h-& 2 >0,l + 2c-c 2 >0 

+ Truong hop 2. q<l + V2=>h + c = 3- q<2-'\/2<^ suyra 


4 9 

Khi do 

1 1 1 1 1 2 ,o , , ,2 2 L 2 2 

——— H—y>—— -r ^ — >18 > (a + b + c) > q +b +c 
a 2 b 2 c\ a 2 b 2 be 

Bai toan duoc giai quyet. Dang thiic xay rakhivachikhi a = b = c = 1. 

Con nhieu ldi giai bang cac ky thuat khac cho bat dang thiic tren. Tuy nhien kh u dn kho 
chuyen de co han nen xin khong neu ra d day. 
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Phan 6. Mot dang bieu dien thu vi 

(3 day chung toi muon noi den dang bieu dien theo tong cua 1. Day la mot tu tuong tuy 
don gian nhung se giup ta tim ra nhieu lbi giai an tuong. Bay gib ta hay chu y den ding 
thuc sau day 

. a k + b k + c k a k b k c k 

1 = —-|-- = —I-•-- + —- - - r + —u I T 

a +b +c a +b +c a +b +c a +b + c 

Dang thuc tuong chung nhu la mot dieu hien nhien, khong mang nhieu y nghTa nhung 

lai co vai tro kha quan trong trong viec chung minh mot lop bat dang thuc ma chung toi 
se neu ra duoi day. (3 phin nay ky thuat xac dinh he so khong con co the thuc hien nhu 
trubc bbi vi b day xuat hien Ky thua p. Neu chi su dung nhung bien doi thong thubng thi 
se phuc tap. Vi vay cong cu ma chung ta chon b day se la dao ham Trubc het xm nhac 
lai 2 dinh li co ban sau day 

Dinh li Fermat. Gia su ham so f(x) xac dinh tren [a,b] va co cue hi dia phuong tai 
x 0 e [a,b]. Khi do neu f co dao ham tai x 0 thi f'(x 0 ) = 0 

Dinh li Roll. Gia su f :[a,b]-> R lien tuc va kha vi trong ( a,b ). Neu f(a) = f(b ) tM 
ton tai x 0 e (a,b) sao cho f'(x 0 ) = 0 

Bai toan 21 . [Vo Quoc Ba Can] 

Tim hing so k > 0 tot nhat de bat ding thuc sau la dung voi moi sb a,b,c la cac so thuc 
duong 

a + b + c >3 
■sjka 2 + (b + c) 2 ■Jkb 2 + (c +a) 2 ^Jkc 2 +(a+b) 2 yfk + 4 

Chung minh. Cho a = l,£ = c = 0 taco k<^.Tase chung minh do la gia tri k tot nhat de 
bat dang thuc la dung. Bat dang thuc can chung min h. 

a + b + c >i 

sja 2 + 2(b + c) 2 ^b 2 + 2 (c + a) 2 ^kc 2 + (a + b) 2 

Ta se phai xac djnh he sb k sao cho bat dang thuc sau la dung 


■yja 2 +2(b + c) 2 a k +b k +c k 

(3 day ta chuan hoa b-c = \ de viec viec xac dinh he sb duoc don gian hon. Khi do ta 
can xac dinh he sb k sao cho 

- . a > — <» a k+2 - 2a 2k +a 2 > 0 

77^8 « +2 

Dat f{a) = a k+2 -2a 2k + a 2 . Lai co /(a) > 0, /(1) = 0 nen theo dinh K Fermat ta co 
f'(T) = 0. Tien hanh dao ham f(a ) suy ra 

f'(a) = (k + 2)a k+1 -4ka 2kl +2a 

Theo tren thi ta co 

/ / (l) = (k + 2)-4k + 2 = 0^k = |. 

Nhu vay ta se dir doan bat dang thuc sau la dung 
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yja + 2 (b + c) yj a A + yjb + yjc 

Sau khi da hoan thanh xong buoc dir doan chung ta co nhieu con dirbng de lua chon. 
Thong thirdng thi phep bien doi tuong dirong luon mang lai hieu qua neu bat ding thuc 
phu la dung. Nen nho rang bat dang thuc phu tren chi la du doan ma thoi, co the no se 


khong dung hoac nguoc lai. Tirng bai toan ta se “tuy co ting bien”. Tat nhien nhieu bai 
toan khong the ap dung theo each nay. Chung ta tiep tuc quay lai bai toan tren vdi phep 
chung minh cho bat dang thuc phu. 


Theo bat dang thuc Holder ta co 
bat dang thuc 



tu day ta se phai chung minh 


a > tfa* 

y/a 2 +St 2 yfa* +2yjt* 

yja 4 + 2yft* ^ yfa^a 2 + 8 1 ~ 

«4^(V?-V?) 2 >0 


Cl day t = ^ • Vay bat dang thuc nay hien nhien dung . 


Dang thuc xay ra khi va chi khi a = b = c hoac a = t>0,b = c = 0 va cac hoan vi. 

Nhan xet. Qua trinh tim kiem he so k co the thong qua viec danh gia theo bat dang thuc 
AM-GM nhu' sau 


- 2 a + a > 0 <=> a + a > 2 a 


Mat khac theo bat dang thuc AM-GM thi a k+2 + a 2 > 2 y/a k+4 . Nhu vay ta co can xac dinh 
k sao cho 


2 yja k+A = 2 a 2k 


< 5 >k + A = Akok = 


3 

4 


Bai toan 22 . [IMO 2001] 

Cho a,b,c la cac so thuc duong. Chung minh rang 


yja 2 +Sbc y/b 2 + Sea yjc 2 + Sab 

Chung minh. Bang each lam tuong tu, ta thiet lap duoc bat ding thuc sau 


yJa 2 +Sbc « 4/3 + b A ' 3 + c 4/3 

That vay, sir dung bat dang thuc AM-GM , ta co b 4/3 + c 4/3 > 2 b 2/3 c 213 = 2 1 413 , ta can chung 
minh 

a A ' 3 + lt A ' 3 >a m 47^ 

<=>4r 4/3 (u 2/3 -r 2/3 ) 2 > 0 (nuag) 

Do do, bat dang thuc tren dung. Sir dung tuong tu cho b,c roi cong lai, ta co dpem. Dang 
thuc xay rakhivachikhi a=b = c = 1 hoac b —» 0, c —> 0. 
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Bai toan 23 . 

Cho a,b,c la cac s6 thuc khong am. Chung minh rang 


“ 3 1 J 


\ a 3 +(b + c) 3 y 

b 3 +(c + a) 3 ]j 


c + (a+by 


r > 1 


Chung minh. Tuong tu nhu tren ta co xac dinh dugc bat dang thuc phu sau: 

I a - >--- (*) 

]] a 3 +(b + c) 3 a 2 +b 2 +c 2 

Co the chung min h bat dang thuc phu tren theo nhieu each: 

Cachl. 

(*) ^ 2a 2 (b 2 + c 2 ) + (b 2 +c 2 ) 2 >a(b + c) 3 
Bieu nay hien nhien dung, that vay 

2a 2 0 b 2 +c 2 ) + (b 2 + c 2 ) 2 >a 2 (b + c) 2 + (Z? + C) > 2. 

4 

Cach 2. 

Theo bat ding thuc AM-GM ta co 


] a 2 (b+c) b 


= a(b + c) 


V l+k 3 = j(l + k)(l-k+k 2 )<± 
Ap dung bat dang thuc phu tren ta co 




a +(b + c) 


b" + c a +b+c 


Ap dung tuong tu vod cac bien con lai Cong ve theo ve ta co co dieu phai chung minh. 
Bang thuc xay ra khi va chi khi 3 bien bang nhau hoac co 2 bien dan ve 0. 

Bai toan 24 . Cho a,b,c la cac s6 thuc duong. Chung minh ring 


a 3 +(b + c) 3 b 3 + (c + a) 3 c 3 + (a + b) 3 3 

Chung minh. Sir dung bat dang thuc Cauchy-Schwarz , ta co 




a +(b + c) 


>1 

3 


Bat dang thuc dugc chung min h. Bang thuc xay ra khi va chi khi a=b = c. 


Phan 7. Giai quyet mot so bai toan ma dieu kien lien quan mat thiet den nhau 

Ba phin cac bai toan xet den d tren deu co dieu kien ma cac bien lien he vdi nhau ko qua 
chat Thubng la dieu kien b dang of +a^ +a k n =n . Tuc la ta co the tachra theo 

tirng bien de tim bat dang thuc phu. Tuy nhien vdi mot so bai toan ma dieu kien thiet lap 

mbi quan he “ben chat” dai loai nhu ]^[ a, j thi viec tim ra bat dang thuc phu tuong doi 

kho khan vi ta khong the danh gia theo tirng bien nua. Ya de ap dung U.C.T trong nhung 
bai toan nhu vay chung ta phai dung den mot so tinh chat cua ham so. 
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Bai toan 25 . 

Cho a,b,c la cac so thuc duong thoa man abc = 1. Chu'ng minh rang 


a\Jb + c by/c + a cyja + b 


b+c +1 c+a +1 a+b +1 
Chung minh. Ap dung bat dang thuc Holder ta co 

f aV^ + c + bjc + a + cja+b 
l^b + c + l c + a + 1 a + b + 1J 
Do do ta can phai chiing min h 


>V2 


q(h + c + l) 2 
h + c 


> (a + h + c ) 3 


( g +fe+c) 3 a2Y a(fc+c+1) ' 

^ h + c 


« 2 a 3 + 3 ^ - + 3 ^ - +6 > 4 ^ ab + 4 ^ a +2^ — 


Ap dung bat dang thuc AM-GM ta co 
. b ^ 


E a , 'v b 7 /->'v q 1 q 1 x - ' b 

-^ ab ’2^--2j ab ’ 2 i^u — 

CTe h " ^q ‘T'b + c 2“h a 


vr_VP -E a3+ |S^ + |E-“ 4 S aZ,_4 S a+6 


> ^a 3 +^ab -4^a+6 = ^^a 3 -4a + —+ 2 
Xethamsd /(x) = x 3 -4x + —+ 2 + 21nxvoi x>0 taco 

/'(x) = (x-l)(^3x + 3 + -^-£) 

NSu x < 1 thi -1>I, neu x > 1 => 1 > — do do f'(x) = 0 <=> x = 1 
xx x 

Tir do de dang kiem tra rhng /(x) > /(l) = 0, Vx > 0 
Hay 

x 3 - 4x + — + 2 > -2 In x, Vx > 0 
x 

Nhu vay ta co 

^j^a 3 - 4a + —+ 2^>-2^1na = 0 

Bai toan dugc giai quyet. Dang thuc xay rakhivachikhi a = b = c = 1. 


Bai toan 26 . [Le Huu Dien Khue, THPT Quoc Hoc, Thanh pho Hue] 
Cho a,b,c la cac so thuc duong thoa man abc = 1. Chung min h rang 
1 | 1 | 1 
3a 2 + (a -1) 2 3 b 2 +(b- 1) 2 3c 2 + (c -1) 2 “ 

Chung minh. Xet hai trudng hop sau 
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+ Truong hop 1. Neu trong ba so a,b,c ton tai it nhat mot so khong lbn hon —. Gia sir 
so do la a. Ta co a < ^ => 3a 2 +(a- l) 2 < 1. Khi do bat ding thuc hien nhien dung. 

+ Truong hop 2. Ca ba so a,b,c deu khong nho hon khi do ta xet ham so sau 
Giong nhu cac phan trade ta co cung se thiet lap mot bat dang thuc phu dang 

1 L 1 ,, 

—t- T >- + k\nx 

3x 2 + (x -1) 2 3 

O day ta co qui ve ham so mu va chu y In x+ln y +ln z = 0. 

Tiep tuc quan sat thay dang thuc xay ra khi va chi khi a = b = c = 1. Tir do ta co phai xac 
dinh k sao cho f'(l) = 0 . 


/(*) = 


1 2 i 1 

— -- + —Inx — 

3jc 2 +(jc-1) 2 3 3 


Vdi x > —. Khi do ta co 
2 




2(16x 4 - 16x 3 - x +1) _ 2(x -1)(16x 3 -1) 
3x(4x 2 -2x + l) 2 ~~ 3x(4x 2 -2x + l) 2 

1 


Tir day suy ra /' (x) = 0 <» x = 1, do x > — 

Be dang kiem tra duoc f(x) > f(l) = 0,Vx>^. Bieu nay tuong duong voi 

1 12 1 

—~ T > -In x, Vx > — 

3x 2 +(x-1) 2 3 3 2 

Sir dung bat dang thuc phu tren theo tirng bien a,b,c roi cong ve theo ve ta co 

1 1 12 v 1 , . 

3a 2 + (a-l) 2 3b 2 + (b-l) 2 3c 2 +(c-l) 2 3% 

Bat dang thirc duoc chung min h. Bang thuc xay ra khi va chi khi a = b = c- 1, hoac 
a—>ao,b—>ao,c— >0 + va cac hoan vi. 

Nhan xet. Bai toan tren con mot ldi giai rat an tuong cua Vasile Cirtoaje. Xin trinh bay 
lai ldi giai do. Sir dung bat dang thuc phu sau day 

1 2 2a(fl - 1)2 3 >0 
3a 2 + (a-l) 2 2a 3 +1 (4a 2 -2a + l)(2a 3 +1) 

Bieu nay hien nhien dung vdi moi so thuc khong am. Tuong tir vdi cac bien con lai suy 
ra dieu phai chung minh. 


Bai toan 27 . [Gabriel Bospinescu] 

Cho a 1 ,a 2 ,...,a„ la cac so thuc duong thoa man a x a 2 ...a n =1. Chung min h rang 
yjaf +1 + ■yjal +1 +... + -yja 2 +1 < V2(aj + a 2 +... + a n ) 

Chung minh. Xet ham so sau vdi x > 0 


/(*) = V* +1- 


~ +1 — 2 yfx + ^ V2 — —j; 


-T2r 


Khi do ta co 


Tim tai lieu Toan ? Chuyen nho - www.toanmath.com 


pg. 23 














/'(*) = 


( x - l )|^- 2 x 2 +x-1-2x 2 ^2(x 2 + 1 ) J 


f'(x) = 0^x = l 


x^2(x 2 +Y)(^2x 2 + \Jx 2 +1) 

Qua 1 thi f'(x) doi dautir duong sang amnen 

/'(x)</(l)=0,Vx>0 

Dieu do co nghia la 

x 2 +1 < xj2 - ^ V2 - -J= j In x, Vx > 0 
Su dung bat ding thuc phu nay cho n bien va cong ve theo ve ta co 
\j +1 + *\J 0-2 1 ••• "t" \j a n +1 ^ yj2{ct^ + a 2 T... T a n ) — ^V2 — —(In tZj + Ina 2 +... + Ina n ) 


= V2(aj +a 2 +... + a n )-{^j2 --J^jlnj-ja,. 


— •\/2(a 1 + a 2 +... + a ;! ) 

Vay bat dang thuc duoc chung min h. Dang thuc xay ra khi va chi khi a { = ... = a n = 1. 
Nhan xet. Bai toan tren con co the giai quyet bang mot bat dang thuc phu quen thuoc 
*Jx 2 +1 < y/2(x-y[x + l)<^0< (yfx -1) 4 , Vx > 0 
Sir dung bat dang thuc tren lin trot cho n bien cong lai ta co 

■\j& 2 +1 + ^a 2 +1 +... + & 2 + \ < yf2 (cij + a, +... + a n ) + -s/2 j 

< + a, +... + a n ) 

Bat dang thuc da duoc giai quyet hoan toan. 

Bai toan 28 . [Algebraic Inequalities - Old and New Method] 

Cho a,b,c la cac so thuc duong thoa man abc = 1. Chung minh rang 

a 2 +b 2 +c 2 +9(ab + bc + ca)>10(a + b + c) 

Chung minh. Ta co can xac dinh he so k sao cho bat dang thuc sau la dung 

9 

a 2 + 9 be = a 2 + — >lOa + k\na 
a 

Tuong tu cac phin truoc ta co tim ra k- -17. Ta co se chung minh 


f(a) = a -\ -10a +17 In a > 0 


That vay 


f\a) = 2a —^-10 + — = - 

a" a u u 

f l (d) = 0oa = l 

Tir day, ta co the de dang thay duoc /(a) > /(l) = 0, Va > 0 hay 
0 9 

a -t-10a > -171na 

a 

Sir dung tuong tu vdi b,c roi cong lai ve theo ve, ta co dpcm Dang thuc xay ra khi va 
chi khi a = b = c = 1. 
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Phan 8. U.C.T mo 1 rong 

Ngay tir dau bai viet ta da xet den viec xac dinh he so m theo each 
h(a t ) > f(a t ) + ma k + n 

Vdi dieu kien xac dinh cua bai toan la of +a\ + ...+a* = n 

Tuv nhien vdi each xac dinh do doi vdi mot so bai toan lai khong mang lai hieu qua. 
Dieu do cung khong phai hoan toan la khong tot. Vi no se thoi thuc chung ta tim ra cac 
dang xac dinh he so khac. Mot each true quan chung ta se phan tich mot bai toan cu the 
de thay dugc nhung gi da dugc neu ra d tren 


Bai toan 29 . [Tap chi Crux, Canada] 

Cho a,b,c la cac so thuc duong thoa man a+b+c = 3. Chung minh rang 
1 1 1 ^3 

9-ab 9-be 9-ac 8 

CMc Mn ngay tu dau khi di vao chung min h bai toan nay ban se nghi ngay den viec thiet 
lap mot bat ding thuc phu dang 


9-x 


- < 1 + mx + n - 


9-x 


< 1 + m(x - 1) 


De dang du doan m = —. Nhung rat dang tiec vdi m nhu vay thi bat dang thuc tren hoan 

toan khong dung ke ca tu tudng chia trudng hgp nhu d phan 3 cung khong the ap dung 
dugc. That vay 

J_<Z±r« 0 <_fc=2l 

9-x 8 8(9 — x) 

Tuy nhien U.C.T van co tac dung trong trudng hgp nay nhung bang mot y tudng mdi me 
hon. Hay chu y den each thiet lap bat dang thuc phu sau 


9-x 


< 1 + m(x 2 — 1) + n(x - 1) (*) 


Viec xac dinh he so trong bat dang thuc tren doi hoi su chat che trong lap ban vi doi khi 
ndi long mien nghiem cua bien se khien cho bai toan khong dung. Co nhieu he so thoa 
man de tao thanh dai lugng binh phuong (x-\) 2 nhung ta phai xac dinh sao cho dau cua 
bat ding thuc la dung. Ta co 

1 


(*)<=>0£(*-!) m(x + l) + n- 


9 — x 




Tir phan tich tren ro rang ta phai xac dinh n theo m sao cho xuat hien nghiem x = 1 de 
hinh thanh dai lugng (x-1) 2 , tuc la 


m(x + l) + n- 
Tir day the vao (**) ta co 


= 0 <^>n = — - mix + 1) => n = — - 2m 

9-x 8 


(**)«>0<(x-l) m(x + l)-2m + - 


0 < (x-l) 2 (72m-8mx-l) 

De thay rang viec xac dinh he so d day khong con don gian nhu trude. No doi hoi ta phai 
tim ra nhung ude bgng chat che de bat dang thuc khong doi chieu. Ta hay chu y den 
dieu kien cua bai toan de tim ra ude bgng “tot nhat”. Chu y rang 3 > max {ab,bc,ca} > 0 
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tuy nhien do chira phai la danh gia “tot nhat” vi ta con co the lam chat hon nua la — > 

4 ^ 

max. {ab,be, ca) > 0. Tuy nhien doi voi bai toan nay thi chi can sir dung dieu kien yeu 


hon ma thoi. 

Bau tien ra dua ra mot so nhan xet sau: Bau tien ta can xac dinh he so m de bat dang thuc 
tren dung voi Vx e [0,3) • Ta thay trudng hop m < 0 se nhan dugc mot bat ding thuc 
ngugc chieu neu cho x = 0, tat nhien day la dieu ta ma khong mong muda Vay co the dir 
doan m> 0, do do 


72m-l-8mx> 72m-1-24 = 48m-1 

Ta can co 48m > 1 <=> m > —. Vay nen ta se du doan m = — => n = —. 

48 ; ' 48 12 

Cong viec du doan da hoan tat. Bay gib ta se thir chung minh xem no co dung that 
khong. Va that vay ta co bat ding thuc phu sau 

8 . x 2 +4x + 43 (x-1) 2 (3-x) 

9-x 48 48(9 - x) 

Dieu nay hien nhien dung 

Ap dung bat ding thuc phu tren voi cac bien ab,bc,ca ta co 


— -t--— 4--— < — (a 2 b 2 + b 2 c 2 + c 2 a 2 + Aab + 4 be + 4ca) + 

9-ab 9-be 9-ac 48 
Ta can phai chung minh bat dang thuc sau 


43 

16 


a 2 b 2 + b 2 c 2 + c 2 a 2 + Aab + Abe + 4ca <15 

Bat k = ab+bc+ca, ap dung bat dang thuc AM-GMvh bat dang thuc Schur ta co 


f 4x-9] 

k < 3, abc > max j 0, —-— >. Ta xet hai trubng hop sau 
+ Trubng hop 1. N6u 4x < 9 tM 

a 2 b 2 + b 2 c 2 + c 1 a 2 + Aab + Abc + Aca = (ab +bc + ca ) 2 + A(ab + bc + ca ) - 6 abc 


= k 2 + Ak - 6abc < 


81 n 225 

— + 9 =- 

16 16 


<15 


+ Trubng hop 2. Neu 4x > 9 tM 

a 2 b 2 + b 2 c 2 + c 2 a 2 + Aab + Abc + 4ca = (ab + bc + ca) 2 + A(ab +bc + ca) - 6 abc 


= k 2 +Ak- babe <k 2 +Ak~ 2(Ak - 9) 

= (k- l)(k — 3) +15 < 15 

Bat dang thuc dugc chung min h. Bang thuc xay rakhivachikhi a=b=c = 1. 

Qua qua trinh nhan xet va phan tich b tren hi vong rang cac ban da hieu dugc each tim ra 
he so. CJ cac bai toan sau neu khong that su can thiet, viec thiet lap bat dang thuc phu se 
dua ra mot each khai quat hon. Chung ta hay den vbi bai toan sau 


Bai toan 30 . [Moldova TST 2005] 

Cho a,b,c la cac so thuc duong thoa man a 4 +b 4 +c 4 =3. Chung minh rang 

—^ + —^ + —^<1 
A-ab A-be A-ca 
3 

Chung minh. Vbi 0 < x < —, ta hion co 
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3 2x 2 + x + 12 „ fjc-l) 2 (3-2x) 

-<- <=>0<- -—-- 

4 — x 15 15(4-x) 


Lai co ma x{ab,bc,ca}< 


I 


< - nen ta co 
2 


3 3 3 ^ 2(a 2 b 2 +b 2 c 2 +c 2 a 2 ) + ab + bc + ca + 36 

- 1 - 1 -<- 

4 -ab 4-be 4-ca 15 

Ap dung bat dang there AM-GM va Cauchy-Schawrz ta co 
a 2 b 2 + b 2 c 2 + c 2 a 2 <a 4 +b 4 +c 4 = 3 


ab + bc + ca< yj3(a 2 b 2 +b 2 c 2 +c 2 a 2 ) <3 
Cong cac cac bat dang there phu tren ve theo ve ta co dieu phai cherng minh. 

Dang thric xay ra khi va chi khi ci = b = c = \. 

Nhan xet. Day la mot bai toan khong kho va co nhieu each tiep can khac nhau. 

, , 114 , , 

Ap dung bat dang there quen thuoc sau —+ —>-va bat dang thric AM-GM. 

x y x + y 


Ta co 


-f—+ —' 

2{4-a 2 + 4-b 2 y 
Qui bai toan ve chring minh 


>ir . 4 

2 U -a 2 -b 2 


2 

8-2 ab 


—^—,\/a,be[ 0 , 2 ] 
4 -ab 


1 

4 -a 2 

Ser dung bat ding thric phu sau 


1 

4-b 2 


1 

4-c 2 


<1 


1 ^ a 4 +15 

4-a 2 _ 18 

Ngoai ra ta con co mot each kha trerc qeran va de there hien do la qui dong va sri dung bat 
ding thric Schur. 


Bai toan 31 . [Pham Kim Hung] 

Cho a,b,c,d la cac so there derong thoa man a 2 +b 2 +c 2 +d 2 = 4. Chring minh rang 

1111 . 

3 -abc 3 - bed 3-cda 3-dab 

Chung minh. Day la mot bai toan kho vi vay viec thiet lap he so phai can nhring danh gia 
chat che va suy luan hop li. Chung ta hay cung phan tich con dudng di den lcri giai cua 
bai toan nay 

Ta se xac dinh he so m, n sao cho 


-< 1 + m(x - 1 ) + n(x- 1 ),V — 7 = >x>0 

3 — x 3^3 

Nher da phan tich d tren ta tim ra n = - 2m, khi do bat dang thric can chring min h 


terong derong voi 
De dang ket luan m > 0 do do 


(x - 1 )“ ( 6 m -1 - 2mx) > 0 


6m -1 - 2 mx > 6m -1 - 


I — ” 

3V3 
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6m -1 - = m > 0 => m >- — 

3V3 6 l 6 

3 ^ 

Do ^>- nen ta chi can c 6 m> —= — 

3 6-— 14 

5 

5 3 a 

Tir day ta se chon m = — =^> n =-txr do ta co bat dang thiic phu sau 

14 14 


2 ^ 5x -3x + 12 ^ (x-1) (8-5x) 

3~x~ 


-<=> 0 <- 
14 14(3-x) 


Bieu nay hien nhien dung voi —= > - > x > 0 . 

3V3 5 

Sir dung bat ding thiic phu tren va chii y la max { abc, bed, eda, dab} <——• suy ra ta can 

3V3 

chiing minh. 

5 (a 2 b 2 c 2 +b 2 c 2 d 2 +c 2 d 2 a 2 +d 2 a 2 b 2 )-3(abc + bcd + cda + dab ) < 8 
Co the chiing min h bat dang thiic tren bang nhieu each. Sau day xin trinh bay mot each 
dua vao ky thuat ham 16 i. 

Bat t 2 = a ^ ,k 2 = C ,x ~ a b’ y = c d khi do, ta co t 2 > x,k 2 > y. Bat dang thiic 

can chiing minh Prong dirong voi 

f(x) = 10 x 2 k 2 +10 y 2 t 2 -3xyj2y + 2k 2 -3y^2x + 2r -8 

Ta co 

3y 


f" (X) = 20 k 2 -fr". ^ > 0 

V(2x+2r 2 ) 3 


Suy ra fix) la ham 16i, do do 

f(x) < max{/(r 2 ),/( 0 )} 

Ta co 

/(0) = (yrV2 + l)(5yrV2-8)<0 do ytj 2<^=<® 

fit 2 ) = 10y 2 t 2 - 6yt + 10k 2 t 2 -3t^2y + 2k 2 - 8 = g(y) 

Tirong txr nhu - tren ta cung co g(y) la ham loi nen 

g(y)<max{g(k 2 ),g( 0 )} 

Ta ciing co 

g(0) = (krV2+l)(5krV2-8)<0 do ktj. 2<^=<® 

_ k 2 +t 2 

git 2 ) = Aikt-\)i5kt + \) < 0 do kty/2 < —— = 1 
Vay bat dang thiic dirge chiing min h xong. 

Ngay tir ban dau chung toi da noi day la mot bat dang thiic khong de va doi hoi nhirng 
danh gia chat che. U.C.T a day dong vai tro la mot ban dap quan trong de di den loi giai. 
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Bai toan 32 . [Vo Quoc Ba Can] 

Cho cac so thyc a,b,c,d thoa a 2 +b 2 +c 2 +d 2 = 1, chung minh bat dang there 
1 1 1 1 16 
1-ab 1 -be l-cd l-da 3 

Chung minh. Tu'ong tu cac bai toan trade, ta thiet lap diroc bat dang there sau vdi moi 

,• 1 

2 

9 


1-x 


-<32x 2 +10 


Tir day, ta suy ra dirge 
1 1 


1 . 32 2 2 , 2 2 2 ,2 j2 2^ 40 

-1--t-H- <—(ab +b c +c d +d a )-\ - 

1-ab 1 -be l-cd l-da 9 9 

32 2 2\/i 2 j2\ 40 

= — (a~ +c )(b +d )-\ - 

9 9 

8 2 , 2 2 , 2\2 40 16 

<— (a +b +c~+d )“H-= — 

9 9 3 

Tu day, ta co dpem. Dang there xay ra khi va chi khi a = b = c = d = ± 

Nhan xet. Bai toan nay dugc dat ra de “lam manh” bai toan sau cua Pham Van Thuan 

1 1 1 1 1 1 ’ 

- 1 - 1 - 1 - 1 - 1 -< 8 

l-ab l-be l-cd l-da l-ac l-bd 

vdi cung gia thiet nhu tren. 

Leri giai cua tac gia cho bai toan nay rat dai va phuc tap, trong khi dung U.C.T md rang 
ta lai co dugc mot ldi giai rat ngan ggn va don gian! 

Ngoai ra, chung ta con co mot each “lam manh” khac cho bai toan cua Pham Van Thuan, 
ta co 


.( a + b Y !_ 

J b + C Y !_ 

fc+d^r 

-( d+a ) 2 1- 

_( a + c Y !_ 

J b+d Y 

1 2 J 1 

1 2 J 1 

l 2 J 1 

l 2 J 1 

1 2 J 1 

l 2 J 


Bai toan nay da dugc ban ZhaoBin, mot sinh vien ngudi Trung Quoc dua ra mot ldi giai 
rat dep bang each sir dung bat dang there Cauchy-Schwarz, d day, chung toi xin dugc gidi 
thieu mot ldi giai khac theo tu tudng U.C.T. Ser dung bat dang there trong bai, ta chi can 
chung minh 

(a + Z?) 4 + (a + c) 4 + (a + rs?) 4 +(b + c) 4 +(b + c?) 4 + (c + c?) 4 < 6 


That vay, ta co 

(,a + b ) 4 =2(a 4 +b A +6a 2 b 2 )-(a-b) 4 < 2(a 4 +b 4 +6a 2 b 2 ) 
Tuong tu vdi cac so hang con lai, ta suy ra dugc 

VT < 6(a 2 +b 2 +c 2 +d 2 ) 2 = 6 
Bat dang there dugc chung min h xong. 

That ter nhien, cau hoi sau dugc dat ra, lieu bat ding thuc sau co dung? 



That dang tiec la bat dang there tren lai khong dung! Cac ban chi can cho a = b = 0.4, va 
c = d = j0. 84. 
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Bai toan 33. [Vasile Cirtoaje] 

Cho cac so khong am a,b,c,d co tong bang 4, chiing minh bat ding thiic sau 


1 


1 


1 


1 


<1 


5-abc 5-bed 5 -eda 5-dab 
Chung minh. Ta co the thiet lap dirge bat dang there sau vdi moi 2 > x > 0 
48 


5-x“ 


-<x +x + 10 


Do do 

+, Neu max{abc,bcd,cda,dab} <2 thi sir dung bat ding thiic tren, ta can chung minh 


a 2 b 2 c 2 +b 2 c 2 d 2 +c 2 d 2 a 2 +d 2 a 2 b 2 +abc + bcd+cda + dab< 8 
Bat dang thiic nay co the de dang chiing min h bang don bien hoac dung ham loL 
+, Neu max{abc,bcd,cda,dab}>2, khong mat tinh tong quat, gia su abc> 2, khi do, 
chu y ring voi moi x,y >0,jc + y <5, taco 

1 , 1 _1_1 _ xy(lQ-x-y) 

5 5-x-y 5—x 5 — y 5(5-x)(5—y)(5—x-y) 

Suy ra 

11 11 

- 1 -^- 1 - 

5-x 5-y 5-x-y 5 

Va do do, voi moi jc,y,z>0,jc + y + z<5 taco 

111 12 

- 1 - 1 -^- 1 - 

5-x 5-y 5—z 5-x-y-z 5 

Chu y ring ^ ( a 2 b 2 c 2 + abc ) < 8 va abc > 2 nen bed + eda + dab < 5, do do 


111 ^ 1 2 

- 1 - 1 -<- 1 — 

5 -bed 5-eda 5-dab 5-d(ab + bc + ca) 5 

Ta can chung min h 


5-abc 5-d(ab+bc + ca) 5 

Bat x = 4-d, do abc> 2 nen 4> x = a+b + c>3yjabc >3yj2 , theo bat ding thiic AM- 
GM thi 


Do do, ta chi can chiing min h 


abc <—x 3 ,ab + bc + ca<—x 2 
27 3 


5-—jc 3 5--x 2 (4-x) 
27 3 


<1 

5 


Hay 
Ta co 


/( x) = x b -4v 5 -80x +360x -675 < 0 


f'(x) = 6x 4 (jc - 4) + 4x 3 (x-12) + 48 x(l 5 - 4x) < 0 
Suy ra fix) la ham nghich bien, do do 

fix) < f(3y/2) = 27(48^/4 - 77) < 0 
Tir day, ta co dpem. Bang thiic xay rakhivachikhi a = b = c = d = 1. 
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Phan 9. Loi kdt 

Sau mot qua trinh tim hieu va phan tich cu the cac bai toan, chac han rang cac ban cung 
da pMn nao cam nhan dugc net dep cua U.C.T du rang thuc ra day la mot kT thuat cue ki 
don gian va de hieu. Chung toi khong xem U.C.T la mot phuong phap chinh thong ma 
don gian no la mot kT thuat can biet va can nam vung khi ban hoc bat dang thuc. Nhieu 
ngudi quan niem rang U.C.T khong co y ngtua gi nhung theo ban than chung toi no nen 
dugc khai quat de sir dung trong mot so trudng hop. U.C.T la mot budc dem quan trgng 
va doi khi mang nhieu y ngtua tren con ducrng di tim loi giai cho bai toan. Mot kT thuat 
hay khong nhat thiet no la no giai dugc tat ca cac dang toan ma la no phai dua ta den 
nhung y tudng, dubng di sang sua, de nghT, de nhan thay bang mat true quan. 

Trong chuyen de nay nhieu bai toan hinh thuc cong kenh nhu US AMO 2003, JMO 
1997,... deu la nhung bai toan khong he kho, nhung neu khong chgn dung hudng lam thi 
se dan den nhung loi giai chi chap nhan dung ve mat toan hgc. Do la nhung bai toan co 
ban dai dien cho U.C.T ket hgp vdi ki thuat chuan hoa. Tuy nhien do chua phai la diem 
dung. 

O pMn tiep theo, xuat hien nhieu bai toan mang dam ban sac hon tuc la neu chi su dung 
mdi U.C.T thi se khong di dich. Cach khac phuc duy nhat la phan chia trudng hgp de giai 
quyet. Day cung chinh la ca sd de tim ra cac khoang nghiem can xet cua bien. Yiec danh 
gia d day doi hoi d ngudi lam su tinh te va kheo leo han a cac pMn trude. Tuy nhien neu 
ban co niem tin mgi chuyen deu co the dugc giai quyet. 

Sau khi da nam trong tay nhung kien thuc nhat dinh ve ky thuat chung ta budc qua mot 
khoang khong gian phuc tap han do la dung U.C.T de giai quyet nhung bai toan ma diem 
cue tri dat dugc tai 2 cho. Bao gom 2 trudng hgp do la khi tat ca cac bien bang nhau va 
trudng hgp co (n- 1) bien bang nhau nhung khac bien con lai. Cl day ta chu y den bat 
ding thuc Vomicu Schur dekhic phuc nhugc diem cua U.C.T caban. 

Phan kT thuat phan tach theo tong cua 1 cung la mot dang rat dep cua ky thuat nay, mot 
sd bai toan tieu bieu cho dang phan tach nay la IMO 2001 va mot sd bai toan da neu d 
tren. Du U.C.T d day dung theo mot tu tudng khac voi cac pMn trude. 

Nhu cac ban da biet U.C.T thong thuhng dugc biet den vdi cac bai toan ma bien sd doc 
lap khong Ken quan den nhau Tuy nhien neu chi xet voi lap bai toan nhu vay thi chua lot 
ta het net dep cua ki thuat dan gian nay. Ta van co the su dung U.C.T de tim ra nhung bat 
dang thuc phu vdi dieu kien Ken quan mat thiet vdi nhau Tuc la khong the tach theo dan 
lugng tung bien de giai quyet. U.C.T d day doi hoi ban phai co nhung kien thuc ca ban 
cua ham sd de tim ra cac ude lugng chinh xac. 

Cuoi cung chung ta se da di den mot sd bai toan kho ma theo nhieu ngudi quan niem la 
khong the giai quyet bang U.C.T, dieu nay la mot diem yeu cua ky thuat nay. Khi viec 
thiet lap he sd dugc that chat han thi mgi chuyen se khac. Nhu cac ban da thay d tren 
U.C.T md rong mang nhung dac diem phuc tap han nhung hieu qua mang lai thi qua la 
bat ngd. Mot sd bai toan rat kho da dugc dua ve dang dan gian han de giai quyet theo 
mot sd phuong phap da biet. Do la mot net mdi kha doc dao cua ky thuat nay. Tuy nhien 
chac han do van chua phai la U.C.T “chat” nhat. Con rat nhieu dieu nua d ky thuat nay 
chd cac ban kham pha. Chung toi xin ket thuc bai viet nay tai day. Hi vgng rang vdi 
nhung dong tarn sir cung cac ban ve bat dang thuc da pMn nao ggi md cho cac ban mot 
cai gi do giup cac ban tim them nhung y tudng sang tao mdi, nhung hieu biet mdi Va 
hay Kion quan niem rang dang sau ldi giai cho mdi bai toan la ca mot qua trinh du doan, 
thir, sai va dung. Hen gap lai cac ban trong mot ngay khong xa. 
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Phan 10. Bai tap ap dung 

Bai toan 1 . [Dien dan toan hoc] 

Cho a,b,c,d,e la cac so thuc khong am thoa man a 3 + b 3 +c 3 + d 3 +e 3 = 1. Tim gia tri 
nho nhat cua bieu thuc 

a 2 b 2 c 2 d 2 e 2 

1 -a 3 1 -b 3 1-c 3 1 -d 3 1-e 3 

Bai toan 2 . [Vasile Cirtoaje, Crux Mathematicorum, Problem 3032] 

Cho a,b,c la cac so thuc khong am thoa man a 2 +b 2 +c 2 =1. Chung minh rang 
1 1 1 9 

1 -ab 1 -be 1 -ca 2 

Bai toan 3 . [Mathematical Excalibur, Vol 9, Num 1, 8/2004] 

Cho a,b,c,d la cac so thuc duong thoa man a+b+c+d = 4. Chung minh rang 

6 (a 3 +b 3 +c 3 +d 3 ) > ( a 2 +b 2 +c 2 +d 2 ) + ^ 

Bai toan 4 . [Mihai Piticari, Dan Popescu, Old and New Inequalities] 

Cho a,b,c la cac so thuc duong nho thoa man a+b+c = 1. Chung minh rang 

6(a 3 +b 3 +c 3 ) + l> 5(a 2 +b 2 +c 2 ) 

Bai toan 5 . [Titu Andreescu, Gabriel Dospinescu, Old and New Inequahties] 

Cho a,b,c la cac so thuc duong nho thoa man a + b + c = 1. Chung min h rang 
1 1 1 27 

1 + a 2 1 + b 2 1 + c 2 ~~ 10 

Bai toan 6 . [Andrian Zahariuc, Old and New Inequalities] 

Cho a,b,c e (1,2) . Chung minh rang 

b\[a + cyfb + ayfc > ^ 

4 b\[c-cy[a 4 c4a-a\[b 4 a\fb-byfc 

Bai toan 7 . [Vu Dinh Quy] 

Cho a,b,c la cac so thuc duong thoa man abc - 1. Chung min h rang 


a 2 -a + l b 2 -b +1 c 2 -c + l 
Bai toan 8 . [Vasile Cirtoaje] 

Cho a,b,c,d la cac so thuc duong thoa man abed =1. Chung minh rang 

l + a 1 + b 1 + c 1 + d . 

-+ +-+ +-+ +- T ^ 4 

1 + a 2 1 + b 2 1+c 2 1+d 2 

Bai toan 9 . [Vasile Cirtoaje, GM-B.l 1,1999] 

Cho a,b,c,d la cac so thuc duong thoa man abed = 1. Chung minh rang 
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1 + a + a + a? \-t-b-\-b + b^ 1 + c + c + c 2 1 dd -\-d 2 
Bai toan 10 . [China TST 2004] 

Cho a,b,c,d la cac so thuc dirong thoa man abed = 1. Chung minh rang 
1 | 1 | 1 | 1 > 

(1 + a) 2 (1 + b) 2 (1 + c) 2 (1 + d) 2 ~ 

Bai toan 11 . [Arkady Alt, Crux mathematicorum] 

Chung minh ring voi moi a,b,c> 0 ta co 

a | b | c ^ a 2,3 +b 2,3 +c 2 ' 3 
2ja + b sjb + c yjc + a yf2 


Complete 

• Vo Quoc Ba Can 

• Nguyen Thuc Vu Hoang 

Trong bai viet co su dung nhieu bai toan trich dan tu 

• Algebraic Inequalites - Old and New Method cua tac gia Vasile Cirtoaje . 

• Sang tao Bat dang thuc cua tac gia Pham Kim Hung. 

• Old and New Inequalities cua cac tac gia Titu Andreescu, Vasile Cirtoaje, G. 
Dospinescu, M. Lascu. 
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